Featured Application: In this paper, the propagation of non-linear Lamb waves in a tri-layer adhesive structure model with micro-cracks distributing in a random way is systematically investigated using the described numerical simulation method. This study is expected to provide a deeper understanding of the characterization of the damage of the adhesive layer with micro-cracks for adhesive joints by effectively employing the non-linear Lamb waves.
Introduction
Adhesively-bonded structures are widely employed in industries because of their inherent nature of providing uniform stress transfer, high fatigue resistance, and the reduction in structural weight [1] . Under in-service conditions, defects such as voids, micro-cracks, disbonding and kissing bonds often occur in adhesive joints due to fatigue loading and environmental corrosion. For example, micro-cracks are always the precursor to structural failures, which can lead to serious consequences and huge costs in engineering without timely and efficient detection. Thus, the methods of evaluating the quality of bonded joints have been broadly investigated for the purpose of structural safety, which include non-destructive evaluation (NDE) techniques-based ultrasonic testing, acoustic emission, and acoustic elasticity technology [2] .
As one of the most powerful non-destructive techniques, the ultrasonic detection method has been applied extensively in detecting such defects as voids, cracks and fractures in structural materials. It is based on the principle of linear acoustic physics, including transmission, reflection, scattering, and absorption of the acoustic energy. For example, Lugovtsova et al. [3] analyzed the propagation of guided waves in a plate consisting of an isotropic aluminium layer bonded to an anisotropic laminate made of carbon fibre reinforced plastics. Their results show that most of the wave energy can be concentrated in a certain layer depending on the mode used, and damage presenting in this layer can be detected. However, it is not effective for linear ultrasonic evaluation methods to characterize the early material degradation when the above-mentioned defects are tiny. Particularly, it is maybe impossible to detect the micro-cracks in closing when the ultrasonic testing technology based on linear acoustic physics is employed. Transmissions, reflections and scatterings could not be discerned as the ultrasonic wave propagates through the micro-cracks in closing [4] . For adhesive bonded structures, studies also show that linear Lamb wave is not sensitive to the mechanical property of the adhesive layer, although it is strongly sensitive to the thicknesses and mechanical properties of other plates in the adhesive structure [5, 6] .
In recent years, the non-linear ultrasonic technique has received attention for the reason that it is highly sensitive to material micro-structures whose dimensions are much smaller than the wavelength of an ultrasonic wave [7] [8] [9] [10] [11] [12] . Li et al. [13, 14] conducted studies on monitoring the thermal aging of aluminum alloy and detecting the delamination of lined anti-corrosion pipes using non-linear acoustics, which demonstrate the sensitivity of the non-linear ultrasonic technique to the damage. Compared with the linear ultrasonic technique, it is becoming a quite promising tool in the nondestructive characterization of the degrees of damages which are related to the micro-cracks [15] [16] [17] [18] . Non-linear ultrasonic technique is based on the non-linear interactions of the ultrasonic wave with the microstructures of materials, such as dislocation, precipitation, and micro-cracks. According to different non-linear effects, sub-harmonic technology, acoustoelasticity, harmonic generation, and wave mixing are common methods for measuring the non-linearity in solids. Both experimental investigations and theoretical studies show that these techniques can detect and evaluate micro damages effectively, and the sensitivity is much higher than traditional linear ultrasonic techniques [19] [20] [21] [22] .
Non-linear Lamb waves are widely acknowledged as one of the most promising means for quantitatively evaluating the material damages because of its long propagation distance in plate-like structures [23, 24] . Quite a few studies have shown that the nondestructive ultrasonic evaluation method employing non-linear Lamb waves is capable of characterizing early material degradations and micro-cracks initiation by examining the non-linear effect which is exhibited from the ultrasonic waves [25] [26] [27] [28] [29] [30] . Interaction between the elastic wave and micro-cracks with the clapping mechanism has been adopted to explain the generation of higher harmonics of non-linear Lamb waves. As the propagating elastic wave meets a micro-crack within the material, the micro-crack may open or close under the action of tension or compression stress [31, 32] . The Lamb wave can propagate through the micro-crack during its compressive period, but not during the tensile period. In this way, the non-linear wave with higher harmonic components is thus generated because of the bi-linear response of the micro-crack under the action of compressive and tensile stresses. In application it is quite a challenge, however, to detect the higher harmonic components of the Lamb wave because of its dispersive property.
Theoretical and experimental studies have been conducted extensively based on the generation of higher harmonics of the non-linear Lamb-wave. For example, Liu et al. [33] analyzed the selection of the primary Rayleigh-Lamb ultrasonic wave mode that generated cumulative second harmonics in a homogeneous isotropic plate using theoretical modeling. Deng et al. [34] experimentally investigated the accumulative effect of the generated second harmonic wave, and their results verified that the generated second harmonic wave increased in a linear way with the increasing propagation distances. Pruell et al. [35] used the non-linear guided waves to evaluate the plasticity driven material damage in a metal plate, and proved that the accumulated plasticity, which caused an increase in the generation of second harmonics, can also be measured with Lamb waves. Liu et al. [36] investigated the symmetry properties of second harmonic Lamb waves using an experimental method and proved that the generation of second harmonics will not happen in anti-symmetric Lamb wave modes. Li et al. [37] investigated the second harmonics generation of guided wave propagation in an isotropic and stress-free elastic pipe, and verified that the second harmonics in the pipe have a cumulative effect with the propagation distance. Deng et al. [38] investigated the influences of the interfacial properties on the second harmonic generation of the Lamb waves in layered planar structures. Their results indicated that the efficiency of second harmonic generation is closely dependent on the interfacial properties. Zhao et al. [39] investigated the second harmonic generation in composites and indicated that the phase matching and nonzero power flux criteria are necessary conditions for cumulative second harmonic existence, and only symmetric modes can be generated as cumulative second harmonics for symmetric composite laminates, regardless of the propagation direction of the primary mode.
Because of the presence of interfaces, the waves in the multilayered structures will be refracted and reflected many times, making the propagation characteristic of the Lamb waves more complicated. The numerical simulation method, therefore, is also an effective tool to investigate the process and mechanism of the higher harmonic generation of the Lamb waves for materials with damage. Zhao et al. [40] investigated the generation of non-linear Lamb wave propagation in a thin plate with micro-cracks distributing in a random way. The results showed that the micro-cracks, which lead to the generation of second harmonics, can be applied to simulate the early micro damages in structures. Liu et al. [41] examined the strongly cumulative second harmonic due to the Lamb and SH wave mode interactions using finite element modeling, and the results showed that only the symmetric Lamb mode of the secondary wave field can be cumulative. Zhu et al. [42] performed finite element simulations on the necessity of phase velocity matching and group velocity matching. Their results verified that matching of the phase velocity is necessary for generating the non-linear Lamb waves with cumulative second harmonics, while the matching of the group velocity is not a necessary condition.
In this paper, the propagation of non-linear Lamb waves in a tri-layer adhesive structure model with micro-cracks distributing in a random way is systematically investigated using the numerical simulation method. Based on the dispersion curves of the tri-layer structure, the Lamb wave mode pair matching the phase velocity is chosen to investigate the interactions of the micro-cracks and the Lamb waves. The relationships between the acoustic non-linear parameters and the propagating distances within the micro-crack damage areas, as well as other factors related to the micro-cracks, such as crack density and the friction coefficients of the micro-crack surfaces, are obtained quantitatively. This study is expected to provide a deeper understanding for the characterization of the damage of the adhesive layer with micro-cracks for the adhesive joints by effectively employing the non-linear Lamb waves.
Dispersion Curves of Lamb Waves
The schematic of a tri-layer adhesive structure composed of two aluminum layers and an adhesive layer is described in Figure 1 . Two aluminum plates are joined by an adhesive layer of epoxy resin. The thicknesses of the aluminum layer and adhesive layer are h 1 and h 2 , respectively. It is assumed that the material of each layer is isotropic, elastic and homogenous. The Lamb waves propagate within the tri-layer adhesive structure along the positive x-axis and the wave polarization is along the z-axis. The displacements of particles, therefore, occur only in the xz plane for the Lamb waves. For the tri-layer adhesive structure, the state vector ( ) j U V of the upper surface of the j-th layer can be expressed as: For the tri-layer adhesive structure, the state vector V ( j) U of the upper surface of the j-th layer can be expressed as:
zxU are the displacements and stresses in xand z-directions, respectively. The subscript U refers to the upper surface; P ( j) U is the amplitude of the state vector; A ( j) , B ( j) , C ( j) and D ( j) are constants of the j-th layer. For this tri-layer adhesive structure, the relation between the state vectors of the upper and lower surfaces for each layer can be expressed as:
L is the state vector of the lower surface of the j-th layer; T ( j) is the transfer matrix of the j-th layer. For the whole tri-layer structure, therefore, state vectors of the upper and lower surfaces can be related as:
where
Considering the free surface condition of the upper and lower surface for the tri-layer structure, the following equation can be obtained, according to Equations (1)-(3):
To avoid the trivial solution of Equation (4), the following expression must be satisfied:
Equation (5) is the dispersion equation of the tri-layer adhesive structure. By solving this equation numerically, the dispersion curves can be plotted, as shown in Figure 2 . Mode conversions for the tri-layer adhesive structure can be clearly found, differing from the dispersion curves of a single plate. For the dispersion curves of the tri-layer adhesively-jointed structure, the phase velocities converge to the transversal wave velocity of the adhesive layer.
To generate the accumulative second harmonics of Lamb waves, the Lamb wave mode should satisfy the conditions of nonzero power flux from the fundamental to the second harmonic wave and phase velocity matching [43] . Considering that the lower order modes carry more energy than the higher-order modes for the Lamb waves propagating within the tri-layer adhesive structure, the first symmetric mode pair of S 1 and S 2 are chosen as the fundamental and second harmonic waves, respectively. As shown in Figure 2a , when the frequency of the fundamental Lamb waves (Mode S 1 ) is selected as 0.52 MHz, accumulative second harmonic waves (Mode S 2 ) with the frequency of 1.04 MHz can be generated with the same phase velocity. Although the matching condition of the group velocity is not satisfied according to Figure 2b , the second harmonic Lamb waves will still accumulate with the propagation distance if the conditions of nonzero power flux from the fundamental wave to the second harmonic wave and phase velocity matching are satisfied [44] .
Equation (5) is the dispersion equation of the tri-layer adhesive structure. By solving this equation numerically, the dispersion curves can be plotted, as shown in Figure 2 . Mode conversions for the tri-layer adhesive structure can be clearly found, differing from the dispersion curves of a single plate. For the dispersion curves of the tri-layer adhesively-jointed structure, the phase velocities converge to the transversal wave velocity of the adhesive layer. To generate the accumulative second harmonics of Lamb waves, the Lamb wave mode should satisfy the conditions of nonzero power flux from the fundamental to the second harmonic wave and phase velocity matching [43] . Considering that the lower order modes carry more energy than the higher-order modes for the Lamb waves propagating within the tri-layer adhesive structure, the first symmetric mode pair of S1 and S2 are chosen as the fundamental and second harmonic waves, respectively. As shown in Figure 2a , when the frequency of the fundamental Lamb waves (Mode S1) is selected as 0.52 MHz, accumulative second harmonic waves (Mode S2) with the frequency of 1.04 MHz can be generated with the same phase velocity. Although the matching condition of the group velocity is not satisfied according to Figure 2b , the second harmonic Lamb waves will still accumulate with the propagation distance if the conditions of nonzero power flux from the fundamental wave to the second harmonic wave and phase velocity matching are satisfied [44] . 
Numerical Simulations
It is quite challenging to get the analytic non-linear responses of Lamb waves propagating along the tri-layer adhesive with randomly distributed micro-cracks in the adhesive layer. Therefore, numerical simulations are employed instead in this work. The commercial software Abaqus/EXPLICIT is used, which is employed by the central difference method and conditionally stable. A finite element model in two dimensions is set up for the tri-layer adhesive structure with micro-cracks distributing in a random way within the adhesive layer.
As shown in Figure 3 , the middle part of the adhesive layer with a length of L is the area with micro-crack damage. A dynamical displacement disturbance is exerted on the left side of the model in order to generate the Lamb wave in this tri-layer adhesive structure. After the interaction of Lamb wave with the micro-cracks distributing randomly in the damaged area, the wave signals propagating toward the direction of positive x-axis will be collected at signal detection positions 1 and 2.
According to the dispersion curves shown in Figure 2 , the fundamental mode S 1 can be excited when the frequency of the dynamical displacement disturbance at the left side is 0.52 MHz. This dynamical disturbance is expressed as:
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where B is the amplitude of the dynamical disturbance with B = 1 × 10 −5 mm in the simulations; and f is the frequency. The Lamb wave propagates in the positive x-direction, and interacts with the micro-cracks distributing randomly at the micro-crack damaged area of the adhesive layer. As a result, Lamb waves with the second component (S 2 mode) propagating with the same phase velocity will thus be generated. Most waves will penetrate across a damaged area with a micro-crack because the dimension of the micro-crack is far smaller than the wavelengths of S 1 and S 2 mode waves. The transmitted waves will be collected at positions 1 and 2.
As shown in Figure 3 , the middle part of the adhesive layer with a length of L is the area with micro-crack damage. A dynamical displacement disturbance is exerted on the left side of the model in order to generate the Lamb wave in this tri-layer adhesive structure. After the interaction of Lamb wave with the micro-cracks distributing randomly in the damaged area, the wave signals propagating toward the direction of positive x-axis will be collected at signal detection positions 1 and 2. According to the dispersion curves shown in Figure 2 , the fundamental mode S1 can be excited when the frequency of the dynamical displacement disturbance at the left side is 0.52 MHz. This dynamical disturbance is expressed as:
where B is the amplitude of the dynamical disturbance with and f is the frequency. The Lamb wave propagates in the positive x-direction, and interacts with the micro-cracks distributing randomly at the micro-crack damaged area of the adhesive layer. As a result, Lamb waves with the second component (S2 mode) propagating with the same phase velocity will thus be generated. Most waves will penetrate across a damaged area with a micro-crack because the dimension of the micro-crack is far smaller than the wavelengths of S1 and S2 mode waves. The transmitted waves will be collected at positions 1 and 2.
In the present simulation, linear elastic constitutive models of aluminum and epoxy are The dimension of the model is 500 mm × 3.3 mm, where the thickness of the aluminum plate is 1.5 mm and that of the adhesive layer is 0.3 mm. The length of the micro-crack damage zone is L, which ranges from 4-16 mm. In the present simulation, linear elastic constitutive models of aluminum and epoxy are employed in FEM models. Material properties of aluminum are E = 72.8GPa, ρ = 2665kg/m 3 , v = 0.33; and those of epoxy are E = 1GPa, ρ = 1000kg/m 3 and v = 0.45. The dimension of the model is 500 mm × 3.3 mm, where the thickness of the aluminum plate is 1.5 mm and that of the adhesive layer is 0.3 mm. The length of the micro-crack damage zone is L, which ranges from 4-16 mm.
The micro-cracks are assumed to be distributed in the space with an area A at the micro-crack region of the adhesive layer. In the simulation, we assume that the length of each micro-crack is 2a. The crack density is defined using a dimensionless parameter as:
where N is the number of micro-cracks. The center and direction of the micro-crack, which are variables affecting the random distribution of the micro-cracks, can be represented by the function of the probability density. In this numerical simulation, the variable of the function is uniformly random. Consider the surfaces of the micro-cracks as contacting surfaces which will separate from each other when Lamb waves pass through them while being unable to interpenetrate into each other. A contact model is thus employed to represent the clapping and slipping behavior of the micro-crack. To account for the influence of the surface friction to the Lamb wave propagation, the Coulomb friction law is employed in modeling the relative sliding of the micro-crack surfaces. The tensile stress exerting on the surfaces of the micro-crack is expressed as [45] :
where σ 0 is the applied normal stress; τ 0 is the shear stress on the surfaces of the micro-cracks; µ is the friction coefficient of the contacting surface; H(•) is the Heaviside step function; n is a unit vector normal to the crack surface; and s is in the plane of the crack. In the numerical simulations, the built-in contact models of the Abaqus software are adopted, which are the hard contact law of the normal behavior and the Coulomb friction law of the tangential behavior.
To guarantee enough accuracy and stability during the numerical simulation, we will use more than 20 elements within the smallest wavelength of all the Lamb wave modes. The largest element sizes, therefore, for the aluminum layer and the adhesive layer are set to be 0.2 mm and 0.08 mm, respectively. Six elements are employed when modeling the surface of the micro-crack. The four-node plane strain (CPE4R) element is employed to construct the FEM model. As to the time step for the numerical simulation, it should satisfy the condition that the Lamb wave does not travel farther than the size of the smallest element within a time step. The stable time step is chosen to be ∆t = 5 × 10 −10 s when the numerical accuracy and efficiency are also taken into consideration. Shown in Figure 4 is the finite element modeling and mesh of the region with micro-cracks distributing in a random way.
the friction coefficient of the contacting surface; ( ) H • is the Heaviside step function; n is a unit vector normal to the crack surface; and s is in the plane of the crack. In the numerical simulations, the built-in contact models of the Abaqus software are adopted, which are the hard contact law of the normal behavior and the Coulomb friction law of the tangential behavior.
To guarantee enough accuracy and stability during the numerical simulation, we will use more than 20 elements within the smallest wavelength of all the Lamb wave modes. The largest element sizes, therefore, for the aluminum layer and the adhesive layer are set to be 0.2 mm and 0.08 mm, respectively. Six elements are employed when modeling the surface of the micro-crack. The fournode plane strain (CPE4R) element is employed to construct the FEM model. As to the time step for the numerical simulation, it should satisfy the condition that the Lamb wave does not travel farther than the size of the smallest element within a time step. The stable time step is chosen to be 10 5 10 s − Δ = × t when the numerical accuracy and efficiency are also taken into consideration. Shown in Figure 4 is the finite element modeling and mesh of the region with micro-cracks distributing in a random way. The non-linearity of acoustics caused by the contacting surface of the crack is a clapping effect of the surface and non-linear stress-strain behavior inherent in the contact, which is different from the theory of classical non-linearity. Some theoretical models have been reported for explaining the contacting acoustic non-linearity; for example, the bi-linear stiffness models and hysteretic models [46, 47] . Zhao et al. [48] further investigated the bi-linear stiffness models when different effective tensile and compressive moduli of the local micro-crack region are taken into consideration. For non-linear ultrasonic wave propagating within the material with micro-cracks, they suggested that the Acoustic Non-linearity Parameter (ANP) should be defined as:
where β is the ANP that has a close relationship to the density and friction coefficient of the micro-crack; M 1 and M 2 are the magnitudes of fundamental and second harmonics of non-linear Lamb wave, respectively. In the following numerical simulations, Equation (9) will be employed in investigating the relationship between the ANP and the micro-crack. Moreover, since the micro-cracks in the model are randomly distributed, numerical simulations were conducted repeatedly to eliminate the random effect of distribution. The averaged ANP based on the results of numerous finite element models versus the number of simulations is shown in Figure 5 . Note that the average ANPs are based on the amplitudes of the fundamental and second harmonic waves collected in the xand z-direction. It is clearly seen that when the number of simulations reaches 10, the average ANP tends to be stable. Thus, the ANPs in the following simulations are all the average values of 25 models with micro-cracks distributing randomly.
investigating the relationship between the ANP and the micro-crack.
Moreover, since the micro-cracks in the model are randomly distributed, numerical simulations were conducted repeatedly to eliminate the random effect of distribution. The averaged ANP based on the results of numerous finite element models versus the number of simulations is shown in Figure  5 . Note that the average ANPs are based on the amplitudes of the fundamental and second harmonic waves collected in the x-and z-direction. It is clearly seen that when the number of simulations reaches 10, the average ANP tends to be stable. Thus, the ANPs in the following simulations are all the average values of 25 models with micro-cracks distributing randomly. Figure 6 shows the displacements contour of the Lamb wave which propagates in the tri-layer adhesive structure with micro-cracks distributing in a random way within the adhesive layer. U1 and U2 are the displacements in the x-and z-directions, respectively. It is clear that the length of the microcrack is much shorter than the wavelength of the Lamb wave. In addition, it also shows that there is no big change in the waveform of the Lamb waves after they interact with the micro-cracks when passing through the region with micro-cracks. States of opening and closing can also be observed when the deformed shape is magnified 5000 times for the micro-cracks, as shown in Figure 6a .
Results and Discussions
The Lamb waves collected at position 1 (as shown in Figure 3 ) in the x-and z-directions are shown in Figures 7 and 8 , respectively. Note that, plots shown in Figures 7b and 8b are based on the spectrum graph sliced at the fundamental and second harmonic frequency, respectively. In both directions, the S0 mode was also generated besides S1 and S2 modes because the thickness profile of the S0 mode is a bit similar to that of the S2 mode at the fundamental primary frequency. The solid Figure 5 . The average Acoustic Non-linearity ParameterANP versus the average number of simulations based on the displacement collected in the x-direction and z-direction using the models. Figure 6 shows the displacements contour of the Lamb wave which propagates in the tri-layer adhesive structure with micro-cracks distributing in a random way within the adhesive layer. U 1 and U 2 are the displacements in the xand zdirections, respectively. It is clear that the length of the micro-crack is much shorter than the wavelength of the Lamb wave. In addition, it also shows that there is no big change in the waveform of the Lamb waves after they interact with the micro-cracks when passing through the region with micro-cracks. States of opening and closing can also be observed when the deformed shape is magnified 5000 times for the micro-cracks, as shown in Figure 6a .
Appl. Sci. 2020, 10, 741 9 of 18 line represents the waves for the adhesive layer without cracks, while the dashed line represents those with randomly distributed micro-cracks. As we can see, the time-domain signals for both cases, with and without micro-cracks, are almost overlapped, as shown in Figures 7a and 8a . Magnitudes of fundamental harmonics and second harmonics (collected at position 1) versus the propagation distance are shown in Figure 9 . We can see that magnitudes of fundamental harmonics vary slightly with the propagation distance, while there is accumulative increase of the magnitude of second harmonics with the propagation distance. It means that we can neglect the influence of the microcrack on the propagation of fundamental Lamb waves. According to the frequency domain plot shown in Figures 7b and 8b , however, the dashed line contains second harmonic waves for timedomain signals in either the x-or z-direction when there are micro-cracks within the adhesive layer, which demonstrates that the micro-cracks lead to the generation of second harmonic Lamb waves. The minimum propagation distance in our simulation is 4 mm; we can see that there are second harmonics at this distance. The Lamb waves collected at position 1 (as shown in Figure 3) in the xand z-directions are shown in Figures 7 and 8 , respectively. Note that, plots shown in Figures 7b and 8b are based on the spectrum graph sliced at the fundamental and second harmonic frequency, respectively. In both directions, the S 0 mode was also generated besides S 1 and S 2 modes because the thickness profile of the S 0 mode is a bit similar to that of the S 2 mode at the fundamental primary frequency. The solid line represents the waves for the adhesive layer without cracks, while the dashed line represents those with randomly distributed micro-cracks. As we can see, the time-domain signals for both cases, with and without micro-cracks, are almost overlapped, as shown in Figures 7a and 8a . Magnitudes of fundamental harmonics and second harmonics (collected at position 1) versus the propagation distance are shown in Figure 9 . We can see that magnitudes of fundamental harmonics vary slightly with the propagation distance, while there is accumulative increase of the magnitude of second harmonics with the propagation distance. It means that we can neglect the influence of the micro-crack on the propagation of fundamental Lamb waves. According to the frequency domain plot shown in Figures 7b  and 8b , however, the dashed line contains second harmonic waves for time-domain signals in either the xor z-direction when there are micro-cracks within the adhesive layer, which demonstrates that the micro-cracks lead to the generation of second harmonic Lamb waves. The minimum propagation distance in our simulation is 4 mm; we can see that there are second harmonics at this distance. (a) (b) Figure 9 . Magnitudes of (a) fundamental harmonics and (b) second harmonics (collected at position 1) versus the propagation distance. Figures 10 and 11 show the ANPs versus the propagation distances of the Lamb wave signals collected at position 1 and position 2, respectively. To validate the numerical simulation, ANPs without randomly distributed micro-cracks are also provided. It is clear that the ANPs in the healthy state are not only much smaller than with randomly distributed micro-cracks, but also change little with the propagation distances. This indicates that it is the randomly distributed micro-cracks that (a) (b) Figure 9 . Magnitudes of (a) fundamental harmonics and (b) second harmonics (collected at position 1) versus the propagation distance. Figures 10 and 11 show the ANPs versus the propagation distances of the Lamb wave signals collected at position 1 and position 2, respectively. To validate the numerical simulation, ANPs without randomly distributed micro-cracks are also provided. It is clear that the ANPs in the healthy state are not only much smaller than with randomly distributed micro-cracks, but also change little with the propagation distances. This indicates that it is the randomly distributed micro-cracks that Figures 10 and 11 show the ANPs versus the propagation distances of the Lamb wave signals collected at position 1 and position 2, respectively. To validate the numerical simulation, ANPs without randomly distributed micro-cracks are also provided. It is clear that the ANPs in the healthy state are not only much smaller than with randomly distributed micro-cracks, but also change little with the propagation distances. This indicates that it is the randomly distributed micro-cracks that lead to the generation of second harmonic waves. In Figure 3 , the length of the damage zone with micro-cracks varies from 4-16 mm. Note that the signals are collected at the end of the micro-crack zone; the length of micro-crack zone, therefore, is the propagation distance of the Lamb waves. As can be seen, the ANPs increase when the distances of the Lamb wave propagating in the micro-cracks damage zone increase, except for the signals collected at position 1 in the z-direction. It demonstrates that the second harmonic Lamb waves show a property of accumulation with the propagation distance. Note that there is an exception for the ANP collected at position 1 in the z-direction. Investigations have demonstrated that the magnitude of the second harmonics would increase in a linear way with the propagating distances of non-linear Lamb waves when the phase velocities of the fundamental and second components are equal [49] . If they are not equal to each other, the magnitude of the second harmonics will then vary in the form of a sinusoidal curve with increasing propagation distances. Although we try to excite the fundamental and second harmonics of Lamb waves with the same phase velocity, the existence of the micro-crack, however, will lead to small deviations of the phase velocities when the non-linear Lamb waves propagate in the region with micro-cracks. The ANPs, therefore, do not always exhibit a linear relationship with the propagation distance, particularly in the region of micro-cracks. This effect is more obvious for the ANP collected at position 1 in the z-direction.
Appl. Sci. 2020, 10, 741 12 of 18 lead to the generation of second harmonic waves. In Figure 3 , the length of the damage zone with micro-cracks varies from 4-16 mm. Note that the signals are collected at the end of the micro-crack zone; the length of micro-crack zone, therefore, is the propagation distance of the Lamb waves. As can be seen, the ANPs increase when the distances of the Lamb wave propagating in the micro-cracks damage zone increase, except for the signals collected at position 1 in the z-direction. It demonstrates that the second harmonic Lamb waves show a property of accumulation with the propagation distance. Note that there is an exception for the ANP collected at position 1 in the z-direction.
Investigations have demonstrated that the magnitude of the second harmonics would increase in a linear way with the propagating distances of non-linear Lamb waves when the phase velocities of the fundamental and second components are equal [49] . If they are not equal to each other, the magnitude of the second harmonics will then vary in the form of a sinusoidal curve with increasing propagation distances. Although we try to excite the fundamental and second harmonics of Lamb waves with the same phase velocity, the existence of the micro-crack, however, will lead to small deviations of the phase velocities when the non-linear Lamb waves propagate in the region with micro-cracks. The ANPs, therefore, do not always exhibit a linear relationship with the propagation distance, particularly in the region of micro-cracks. This effect is more obvious for the ANP collected at position 1 in the z-direction. Furthermore, Figures 10 and 11 show that the ANPs in the z-direction are bigger than those in the x-direction, which indicates that the non-linear effect in the z-direction is stronger. Particularly, the ANPs in the z-direction from the signals collected at position 1 are much bigger than that at position 2. This phenomenon can be explained using the displacement field of the excited second harmonic Lamb waves, as shown in Figure 12 . It is clear that the normalized displacement in zdirection is bigger at the surface (position 1) than that at the adhesive layer (position 2). This fact indicates that it is more effective to evaluate the non-linearity of the adhesive structure just by employing the z-component of the Lamb waves at the surface, which is easy to realize in practice.
As a quantitative indicator for the micro-cracks, the crack density, as defined in Equation (7), is closely related to the number and length of the cracks within the adhesive layer. Figure 13 shows the ANP as a function the micro-crack number when other factors, such as the crack length and friction coefficient, remain unchanged. It is demonstrated that there is a linear relationship between the ANP and the micro-crack number, both in the x-and z-directions. Because the ANP based on the signals collected at position 1 is more sensitive to the micro-crack related damage, here we only consider the signals collected at position 1. Figure 14 plots the relationship between the ANP and micro-crack length. It is clear that there is a linear relationship between them. Furthermore, it also shows that the ANPs are more sensitive to the change of the micro-crack length when other factors are kept constant. Furthermore, Figures 10 and 11 show that the ANPs in the z-direction are bigger than those in the x-direction, which indicates that the non-linear effect in the z-direction is stronger. Particularly, the ANPs in the z-direction from the signals collected at position 1 are much bigger than that at position 2. This phenomenon can be explained using the displacement field of the excited second harmonic Lamb waves, as shown in Figure 12 . It is clear that the normalized displacement in z-direction is bigger at the surface (position 1) than that at the adhesive layer (position 2). This fact indicates that it is more effective to evaluate the non-linearity of the adhesive structure just by employing the zcomponent of the Lamb waves at the surface, which is easy to realize in practice. As a quantitative indicator for the micro-cracks, the crack density, as defined in Equation (7), is closely related to the number and length of the cracks within the adhesive layer. Figure 13 shows the ANP as a function the micro-crack number when other factors, such as the crack length and friction coefficient, remain unchanged. It is demonstrated that there is a linear relationship between the ANP and the micro-crack number, both in the xand z-directions. Because the ANP based on the signals collected at position 1 is more sensitive to the micro-crack related damage, here we only consider the signals collected at position 1. Figure 14 plots the relationship between the ANP and micro-crack length. It is clear that there is a linear relationship between them. Furthermore, it also shows that the ANPs are more sensitive to the change of the micro-crack length when other factors are kept constant. The ANP versus the micro-crack density with increasing micro-crack number and increasing radius is shown in Figure 15 . Considering that the micro-cracks are distributing randomly for the finite element modeling, it is still demonstrated that the results based on these two cases are basically consistent. At the same time, when such factors as the frequency of the exciting signals and friction coefficient of the micro-crack surface keep constant, the ANPs also increase in a linear way with the increasing micro-crack density. Meanwhile, the ANPs in the z-direction are obviously higher than those in the x-direction for all the cases. In engineering applications, it is possible to evaluate the micro-crack induced damage of an adhesive layer by the ANP of the zcomponent at this adhesive surface. In contrast to the classical non-linear acoustics, the friction coefficient between the micro-crack surfaces can also affect the stress in the structure but may have an influence on the nonlinear effect of the Lamb waves. The Coulomb law is employed in calculating the action between the micro-crack surfaces where there is friction, as defined in Equation (8). Figure 16 shows the ANP (collected at position 1) as a function of the friction coefficient of micro-crack surface. As can be seen, the ANPs change within a quite small range when the friction coefficient varies from 0 to 0.3. It means that the ANPs are slightly related to the friction coefficient of micro-crack surfaces. The reason is that the micro-crack surfaces do not slide obviously from each other under the action of the transmitted Lamb In contrast to the classical non-linear acoustics, the friction coefficient between the micro-crack surfaces can also affect the stress in the structure but may have an influence on the nonlinear effect of the Lamb waves. The Coulomb law is employed in calculating the action between the micro-crack surfaces where there is friction, as defined in Equation (8) . Figure 16 shows the ANP (collected at position 1) as a function of the friction coefficient of micro-crack surface. As can be seen, the ANPs change within a quite small range when the friction coefficient varies from 0 to 0.3. It means that the ANPs are slightly related to the friction coefficient of micro-crack surfaces. The reason is that the micro-crack surfaces do not slide obviously from each other under the action of the transmitted Lamb waves when they penetrate though the region with micro-cracks. The friction coefficient between the surfaces of the micro-cracks, therefore, nearly has little influence on the non-linear behavior of Lamb waves.
Appl. Sci. 2020, 10, 741 16 of 18 Figure 16 . ANP versus friction coefficient (c = 0.002).
Conclusions
In this research, the propagation of nonlinear Lamb waves in an adhesive joint with micro-cracks distributing in a random way is systematically investigated by using the numerical simulation method. Based on the dispersion curves, a tri-layer adhesive structure model with randomly distributed micro-cracks is examined, and the Lamb wave mode pair satisfying phase velocity matching is chosen to investigate the interactions of the micro-cracks and the Lamb waves. The study demonstrates that the higher harmonics will be generated because of the bi-linear stiffness response at the area with micro-cracks under the action of tensile and compressive wave stress. The results show that:
(1) The ANPs increase with the propagating distance of the Lamb wave in the region of microcracks. Particularly, the magnitudes of the generated second harmonics in the z-direction are bigger than those in the x-direction, which indicates that the nonlinear effect in the z-direction is stronger. (2) The ANPs increase linearly with the micro-crack density. Specially, the ANP is more sensitive to the change of the micro crack length. (3) The ANPs are slightly related to the friction coefficient between the surfaces of micro-cracks.
This investigation numerically demonstrates that the nonlinear Lamb waves can be used effectively in characterizing the micro-crack-induced damages within the adhesive layer of an adhesively bonded joint. 
(1) The ANPs increase with the propagating distance of the Lamb wave in the region of micro-cracks.
Particularly, the magnitudes of the generated second harmonics in the z-direction are bigger than those in the x-direction, which indicates that the nonlinear effect in the z-direction is stronger. (2) The ANPs increase linearly with the micro-crack density. Specially, the ANP is more sensitive to the change of the micro crack length. (3) The ANPs are slightly related to the friction coefficient between the surfaces of micro-cracks.
This investigation numerically demonstrates that the nonlinear Lamb waves can be used effectively in characterizing the micro-crack-induced damages within the adhesive layer of an adhesively bonded joint.
